POMDPs Stage duration Study of V/(h) Continuity of V(h)
oooo 00000 000000000000000000 000000

Strategies in POMDPs with Stage Duration

lvan Novikov

Université Paris 1 Panthéon-Sorbonne

30/03/2026



Introduction

® We study POMDPs: MDPs in which the state is not fully
observable, but the decision maker observes a signal on the
state.

® Given a base POMDP Gy, we consider the POMDP Gj, with
stage duration h representing the time interval between two
consecutive actions. We denote by V) (h) the A-discounted
value of Gp. V)\(h) was studied in the literature, especially its
limit as h — 0.

® Qur goal is to study the global behavior of the asymptotic
value V(h) := limy_,o Vi(h) as a function of h.
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POMDPs (1)

A partially observable Markov decision process (POMDP) is a
6-tuple (S, A,Q, f, g, P), where:

e S is the finite set of signals;

Q is the finite set of states;

A is the finite set of actions;
® g:Q x A— Ris the stage payoff function;
P:Qx A— A(Q) is the transition probability function;

f 1 Q — S is the signaling function.
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POMDPs (2)

The POMDP (S, A,Q, f, g, P) proceeds in stages as follows.
Before the first stage, an initial state wy € Q is chosen according
to some probability law pg € A(). At each stage n € N*:

1. The current state is wp, and is unobserved. The decision
maker observes the signal s, = f(w,) and remembers the
previous signals and actions;

2. The decision maker chooses a mixed action x, € A(A). Pure
action a, € A is drawn according to xy;

3. The decision maker obtains a payoff g(wp, a,). The new state
wnt1 is chosen according to the probability law P(: | wp, an).
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POMDPs (3)
® A history of length t is
(s1,a1,...,81,3t-1,5:) € (Sx A1 x S;

® H, is the set of all histories of length t;
® A strategy o is a function

o: | JHe — A(A).
t
e Let A € (0,1]. The A-discounted payoff:

EP <Z A1 — )\)ilg(w,-,a,-)> .

e Value vy : A(Q) — R:

= supEf <ZA ) e (wi, ,)> :
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POMDPs with stage duration (1)
Fix a base POMDP G; = (S,A,Q,f,g,P).

In the POMDP Gp, with stage duration h, the leaving
probabilities and the discount factor are scaled by h € (0,1).

Ph(- | w,a) = hP(- | w,a) + (1 — h)du(-), where

5w(w,) _ {1, if o :'w;

0, otherwise.

The A-discounted payoff of G, is

(ZAh — Ah) 7t (w,-,a,-)).

It depends on the stage duration h, the strategy o, and the
initial probability distribution p.
Vi (h) is the discounted value of Gp.
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POMDPs with stage duration (2)

® h can be thought of as a time period between actions: when h
is small, Gp approximates the continuous-time behavior, and
limp_0 ViA(h) can be seen as the A-discounted value of the
continuous-time MDP.

(1—h)
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Papers on the stage duration

Neyman A, “Stochastic games with short-stage duration” (2013);

Sorin S and Vigeral G, “Operator approach to values of stochastic
games with varying stage duration” (2016).

I. N., Zero-Sum State-Blind Stochastic Games with Vanishing Stage
Duration (2025);

[.N., Asymptotic Value in Zero-Sum Stochastic Games with
Vanishing Stage Duration and Public Signals (2024).

Similar model:

® Sorin S, “Limit Value of Dynamic Zero-Sum Games with Vanishing
Stage Duration” (2018);

® Cardaliaguet P, Rainer C, Rosenberg D, Vieille N, “Markov Games
with Frequent Actions and Incomplete Information—The Limit
Case” (2016);

® Gensbittel F, “Continuous-time limit of dynamic games with
incomplete information and a more informed player” (2016).
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Our goal

® We consider the asymptotic value of Gp:

V(h) = lim Vy(h)

=
A—=0
= |i E! AR(1 = AR) Lg(wiyai) | |-
AIg()sg;)( g<§ ( ) g(%é))))
® The limit exists by Rosenberg, Solan and Vieille 2002.
® We aim to study V/(h) as a function of h.
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The case of full state observation

V(h) = |im)\*>0 V)\(h)
Sorin and Vigeral (2016) have proven that

Va(h) =V, (1)

1+A—Xh

® Hence

V(h) = lim Va(h) = lim V_ 1 (1) = lim Vi(1) = V(1).

A—0 A—0 I+X=Xh A—0

Thus V/(h) is a constant in the case of full state observation.
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General case with signals.

V(h) = limy—o Va(h).

V/(h) is not a constant anymore.

In that case, V/(h) is a nondecreasing function.

® As a consequence, the continuous-time limit limy_o V/(h)
exists.
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Introduction of R(o, h).

® The expected long-run average payoff is

T
Z 8gl\wij, a,-)) .

~| \

T—o0

R(o,h) := liminf E! <

® We have
o h i—1 .
V(ih) = J\To lSl;p E. ()\h g — Ah) w,,a,))]
— h Vil
= )I\TO lSl;p]E(7 ()\ E (1—=XN)"""g(w, a,))]

= sup [nmmfﬂ«:h ( i (wi, aj )] :

g

where the last equality follows from Rosenberg, Solan and Vieille
2002. Hence V/(h) = sup, R(o, h).
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Theorem 1

;
1
R(o, h) := lim inf (T > glwi, a:)) :
i=1

Theorem
Let h € (0,1) and let o be a strategy in G,. Then there exists a
strategy o in Gy such that

R(o,h) = R(5,1).
® This means that if some strategy in Gp, produces the

asymptotic payoff v, there is a strategy in G; that also
produces v.
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Proof of Theorem 1: preparation (1)

In Gp, at the end of each stage, the next state is drawn
according to P with probability h; otherwise, the state remains
unchanged (drawn according to J,,) with probability 1 — h.

X; is the random variable with

Xi ~ Bernoulli(h) <~
(IP(X,- =1)=h and P(X;=0)=1— h)
X; indicates whether the transition at the end of the j-th
stage is governed by P (if X; = 1) or by ¢,, (if X; = 0).
T; is the random variable

To=0;
Ti=inf{n>T;—1| X, =1} fori>D0.
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Proof of Theorem 1: preparation (2)

® T; is the random variable

To =0;
T, = inf{n > Ti_1 ’ Xn = 1} for i > 0.

® T, is the stage number at which the state transition is
governed by P for the i-th time.

state is state is state is
frozen frozen frozen
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Proof of Theorem 1: definition of &

Fix k € N*. For a fixed infinite history = (s1,a},s5,...) in G,
the filtered history 7—[2” of length k is the random vector

fil /o / ! / /
Hk’ == (5]_7 aTl’ 5T1+1, a-,—z, ey aTk_l, STk_1+1).
Definition
Let nx = (s1,a1,52,.-.,3k—1,5k) be a history of length k in G,
and let 3 € A. The strategy o is defined by

5(nk)(3) = Po(ay, = 3| 1 = ).

If PA(HI" = ny) = 0, then we define 5(nx) as an arbitrary fixed
mixed action.
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Technical Lemma 1

Lemma
For each k € N*, we have

E%g(w/ﬁ ak) = Egg(wTw aTk)'

ty of V(h)

® The expected k-th stage payoff (under &) in Gy coincides with

the expected T-th stage payoff (under o) in Gp.

® 7 is constructed specifically for this lemma to be true.
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Technical Lemma 2

Lemma
For each k € N*, we have

T
1
h h
Ef Y. &lw ) = Eog(wr, am)-
J=Tk—1+1

® |n Gy, the expected cumulative payoff during the waiting
period between stages Tx_1 and Ty coincides with the
expected payoff at stage Ty, multiplied by the expectation of
the waiting period Ty — Ty_1:

Ty
E | Y. aw ) | =E(Tk — Tie1) - Elg(wr,, ar,)-
Jj=Ti—1+1
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Technical Lemma 3

Lemma
Let t, = | k/h]. For each k € N*, we have

1 & h
lim inf g tk;g(wjvaj) = liminf E; k;g(wj,aj)

® \We can replace the random variable T; with

te = [E(Ti)] = [k/h].
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Technical Lemma 4
Lemma

Let M € N*. Let {x,}72; be a sequence and {xp, }?°, be a
subsequence of {x,}7° ;. Suppose that
0 and |njy1 — nj| < M for all j € N*.

lim (xj+1 — %)) =
Jim (41 = %)

We then have

liminf x, = lim |nf Xny -
n—o00 k—
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Proof of Theorem 1 — Part 1

;
1
R(o, h) := |¥n_>'gong (T Zg(wiaai)> :
i—1

Theorem
R(o, h) = R(o,1).

Proof. By Lemma 1, we have
1T
R(7,1) = liminf EL | =
(6,1) = lim inf (ng(wk,ak)>

T
. 1 1
- ot (7 st

1

:
. 1 h
-t (3 etsten.m))

k=1
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Proof of Theorem 1 — Part 2

We now aim to compute R(o, h).

Consider the sequence {x;}?°; and the subsequence {x;, }7°; of
{xe}22, where

xt::E3<1Zg(w,-,a;)> and  te = |k/h] = |E(T%)].
i=1

By Lemma 4
1 T
R(o,h) = liminf Ef | = ) aj
(o, ) = lim inf U<T_§1g(wna:)>
1=

k——+o0

ty
1

= liminf B/ aZg(wj,aj) ,
j=1
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Proof of Theorem 1 — Part 3

By Lemmas 2 and 3, we have

ty Ty
1 h
. h . h
lim inf E, tk;_l g(wj>a)) | =liminf E; kJ-E—l g(wj, aj)
h K Tk
- }I(IE—HEIJEJ R E E g(wjvaj)
k=1j=Ti_1+1
1 K
T h
= fiminf (K Zk_lEog(“’Tw "’Tk)> '

We have proved that

R(o, h) = R(5,1).
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Corollaries of Theorem 1 — Part 1

T
1
o) =it (33 st )
i=1

Theorem
Let h € (0,1) and let o be a strategy in G,. Then there exists a
strategy o in Gy such that

R(o, h) = R(5,1).

Corollary

Let 0 < hy < hp <1 and let o be a strategy in Gp,. Then there
exists a strategy & in Gp, such that

R(o, hy) = R(5, hy).
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Corollaries of Theorem 1 — Part 2

Corollary
Let 0 < hy < ho <1 and let o be a strategy in Gp,. Then there
exists a strategy & in Gp, such that

R((T, hl) = R(&, h2)

Gp, is the POMDP with stage duration h; relative to the base
POMDP G;.

G, is also the POMDP with stage duration hy/hy relative to
the base POMDP Gy, .

This is true because

h h
Pp, = (1 = h1)ld + h1 Py = <1 — 1) Id + “2((1 = hy) Id + hyPy)

h2 h2

h1 h1

=1——=|Ild+ —Py,.
( h2) TR

The corollary follows from Theorem 1.
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Corollaries of Theorem 1 — Part 3

Corollary
The function h— V/(h) is nondecreasing.

Proof.
Follows from the previous corollary: for any 0 < h; < hy <1
V(h1) = sup{R(c, h1) | o is a strategy in Gp, }
<sup{R(o, hp) | o is a strategy in Gy, } = V(h2). [

Corollary
The limit limp_o V(h) exists.

Proof.

Follows from the previous corollary. L]
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Lower-semicontinuity on (0, 1)

L4 V(h) = limy_g V)\(h)

e Natural question: is V/(h) continuous in h?

Proposition
The function h — V/(h) is lower semi-continuous on (0, 1).

Proof.

If ' € (0,1) and ¢ > 0 is sufficiently small, then the support of the
transition probabilities of the POMDPs in the family
{Gh} he(h —e b +e) is identical. The proposition now follows directly
from the article “Finite-Memory Strategies in POMDPs with
Long-Run Average Objectives’ by Krishnendu Chatterjee,
Raimundo Saona and Bruno Ziliotto (2022). O
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No lower-semicontinuity at 1

However, it is possible to introduce new transitions when moving
from h=1to h < 1. In fact, it is possible that V/(h) is not lower
semi-continuous at 1, even in the state-blind case. Example:

Starting state —
V(h) = 1, if h=1,;
o, ifh<1.

ws
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Continuity on (0, 1)

It is not yet known whether h — V/(h) is continuous on (0,1). In
general, it is possible for the asymptotic value to be discontinuous
even if no new transitions are introduced, as shown in the article
by Krishnendu Chatterjee, Raimundo Saona and Bruno Ziliotto
(2022). However, | was unable to adapt the counterexample to
construct one for V(h).
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Conclusion

Given a base POMDP Gy, we considered the POMDP G,
with stage duration h representing the time interval between
two consecutive actions. We denoted by

V/(h) := limy_0 Vi(h) the asymptotic value of Gp.

We showed that any strategy in Gj, can be mimicked by a
strategy in Gj.

As a consequence, V/(h) is nondecreasing.

As another consequence, the continuous-time limit

limp_0 V(h) exists.

The paper: https://arxiv.org/pdf/2603.16055


https://arxiv.org/pdf/2603.16055

This is all.

Thank you!
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